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Abstract
We consider a damped linear vibrational system whose dampers de-
pend linearly on the viscosity parameter v. We show that the trace of the
corresponding Lyapunov solution can be represented as a rational function
of v whose poles are the eigenvalues of a certain skew symmetric matrix.
This makes it possible to derive an asymptotic expansion of the solution
in the neighborhood of zero (small damping).

1 Introduction

We consider a damped linear vibrational system
Mi+Ci+Kx=0 (1.1)

where the matrices M, C, K (mass, damping, stiffness) are symmetric, M, K are
positive definite and C' is positive semidefinite. If internal damping is neglected
C has often small rank as it describes a few dampers built in to calm down
dangerous vibrations. Often C' has the form

C:’UC()

where v is a variable viscosity and Cj describes the geometry of a damper. Cj
will have rank 1,2 or 3 according to whether the damper can exhibit linear,
planar or spatial displacements.
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An example is the so-called n-mass oscillator or oscillator ladder (Fig. 1)
where

M = diag(my,ma,...,my)
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C =vere] +v(es —ea)(es —ea)T. (1.2)
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Figure 1: The n-mass oscillator with two dampers

Here m; > 0 are the masses, k; > 0 the spring constants or stiffnesses, e; is the
i-th canonical basis vector, and v is the viscosity of the damper applied on the
i-th mass.

After the substitution

pn =001z, y=0"', (1.3)

where
K®=M®0*, dTMd=1 (1.4)
Q0 =diag(wi,...,wy), w1 <...<wy (1.5)

is the eigenreduction of the symmetric positive definite matrix pair K, M, the
system (1.1) goes over into

y=Ay, y= {yl} 7 (1.6)
Y2
0 9)

A= , D=3TCo. (1.7)
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Then
1 fe'e) oo oo
E = 5/(m'TM¢+xTKx) dt:/Hy||2dt:/||eAty0||2dt, (1.8)
0 0 0



where yq is the initial data. Thus,

E = E(yo) = y§ Xyo ,

where

X = /eATt eAldt (1.9)
0

solves the Lyapunov equation
ATX + XA = 1. (1.10)

Our penalty function is obtained by averaging E over all initial data with
the equal energy, that is, we form

E= / yOTXyoda
yoll=1

where do is a probability measure on the unit sphere in R?”. Since by the map
X — / ya Xyo do
yoll=1

is given a linear functional on the space of the symmetric matrices, by Riesz
theorem there exists a symmetric matrix Z such that

X — / Ye Xy do = Tr(ZX), for all symmetric matrices X .
lyoll=1

Let y € R?" be arbitrary. Set X = yy”. Then
0< [ yXyodo = Tr(@X) = Tr(Zyy") = Tr(y" 2y).
llyoll=1

hence Z is always positive semi-definite.
For any given measure there is a unique positive semidefinite matrix Z such
that
E =Tr(ZX). (1.11)

For the measure o generated by the Lebesgue measure (i.e. the usual surface
measure) on R?", we obtain Z = QL,”I. For the convenience of the reader, we
give a sketch of the proof:

Recall,

Z;; = /Yin o(dy).
S

One can easily see using Minkowski formula (see [2]) that

1 .
Z;; = /Yin o(dy) = Q—Eglg% / yiy;o(dy),

S d(y,5) <e



here S denotes the unit sphere in R?" and d(y, S) is a corresponding distance.
Obviously, Z;; = 0 for i # j and Z;; = Zj;, for i,5 € {1,2,...,2n}. Since

1
2w +7Zn+ ... Zopop = ﬁH(l) 2—UOZ (y e R :d(y,S) <e) =1,
E— £

it follows Z = %I. The more details about the structure of the matrix Z one
can find in [4].

‘We have shown that
/ ye Xyo do = min
[lyoll=1

is equivalent to
Tr(ZX) = min . (1.12)

where Z is a symmetric positive semidefinite matrix which may be normalized
to have a unit trace.

If one is interested in damping a certain part of the spectrum of the matrix A
(which is very important in applications) then the matrix Z will have a special
structure. For example, let 0 = 01 X 09 X 01 X 09, where g7 is a measure on
the frequency subspace determined by w < wpax = ws generated by Lebesgue
measure, that is o1 is a measure on the frequency subspace which corresponds
to the eigenfrequencies (defined by (1.5)) wy,...ws and o2 is Dirac measure on
the complement. Then we obtain that the corresponding matrix Z has the form

o

1

Zs:Z:—
2s

(1.13)

co o
cooo
oM~ oo
cooo

where [, is the identity matrix of the dimension s which is defined by wyax = ws.
Here wimax = ws is critical frequency with the property that the eigenfrequencies
from (1.5) greater then wy are not dangerous. Hence, we damp first s eigenfre-
quencies. The construction of Z from (1.13) is a generalization of the simplest
case Z = %I.

In [7] a simple solution of the problem (1.11) has been presented for A from
(1.7) and rank(C) = 1. In particular,

Tr(ZX(v)) = const + 24 bv, a,b>0, (1.14)
v
which made it possible to find the minimum by a simple formula explicitly. The

case rank(C') > 1 seems to be essentially more difficult to handle.
The main result of this paper is the explicit formula:

w_ -~ u /\i /\iq)i — ’UTi
X(U): 7_)1 —‘I’O—U‘Ill +’Uzﬁ (115)
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where W_q, ¥y, \/I\ll, @, and Y; are m X m matrices and \; are eigenvalues of
the pencil (Ag, D) where Ay and D are matrices which correspond to the linear
operators

X — —AyX + XAy,
X +— DX+XD,

respectively. Thus, technically, we have turned the viscosity into the spectral
parameter.

Further, we have obtained a simple formula for the ¥_; in (1.15). This
matrix is responsible for the behavior of the solution X (v) in the neighborhood
of zero (small damping):

where
Dy = (diag (D))"

We will use the following notation: matrices written in the simple Roman
fonts, M, D or K for example will have n? entries. Matrices written in the
mathematical bold fonts, A, B will have m? entries, where m = 2n (that is A,
B are matrices defined on the 2n-dimensional phase space). Finally, matrices
written in the Blackboard bold fonts A, or D will have more than m? entries.

2 The main result

As we have said in the Introduction, our aim is to obtain the solution X of the
Lyapunov equation
A()TX +XA(v) = -1, (2.1)

where Z is defined by (1.13) and I is m x m identity matrix.
From (1.7) it follows that A(v) can be written as

O
_ {2 0w
A(v)=Ap—vD,where Ay = . , Q= w0 (2.2)
Qn,
and D = DoD?’, where

[0 0o ... 0 ]

diyp diz ... dir
0 o ... 0

Do = |d21 do2 ... dor 7

0 0 0

_dnl dn2 dnr |




d;; are entries of the matrix

0

DOP[LC

] ) Co = LcLE,

and P is the “perfect shuffling” permutation.
Now, we proceed with solving equation (2.1). As it is well known, Lyapunov
equation (2.1) is equivalent to ([3, Theorem 12.3.1])

(I®(Ag—vD)" +(Ag—vD)" ®I) - vec(X) = —vec(I), (2.3)

where L® T denotes the Kronecker product of L and T, and vec(I) is the vector
formed by ”stacking” the columns of I into one long vector.
Further, we will need the following two m? x m? matrices defined by

Ap=TI Al +Al 21, D=19DD{ + DD ®1. (2.4)
It is easy to show that D = Dr DL, where
Dp=[I®Dy Do®I]. (2.5)

Now, using (2.5) and (2.4) it follows that solution vec(X) of equation (2.3) can
be written as .
vec(X) = — (Ag — vDpD})  vec(I). (2.6)

Obviously, there exists a unitary matrix U such that
T 0
U* AU = ~ |, (2.7)
Ao

where Ay is the skew-symmetric matrix corresponds with linear operator defined
in (2.4) and Ag is a non-singular block diagonal matrix defined by

Ao = diag(Z1,...,Z,) where =; = 0~ (2.8)
wi 0
where +ip;, i = 1,...,my are non-zero eigenvalues of matrix Ay, that is, 0 #

pi = (fw;) — (Fwj) for i, = 1,...,n (see [3, Corollary 12.2.2]). Note that
my = (m? —m)/2. Set

Di| _ or
B]-v
where D is defined in (2.5).
Now,
0 D;DT D,DY
_ T _ _ 10q 10 T
P I o= == | (T
Taking
I 0
o= | otoon 1 e



we obtain

Ay —vDpDE =UG™!

—UDl]D)?
A

~] G~ TuT, (2.11)

where L
A = Ag —vDo(I — DT (D;DT)"'D;)DI. (2.12)

Note that we can write
Dy (I — DT (D;DT)~'D)DI = FFT .

Further, we have to find the inverse of A= 1&0 — vFFT. This is obtained by
using the Sherman-Morrison- Woodbury formula ([1, (2.1.4), pg.51.]), that is,

~ ~ ~ ~ -1 ~
Ag —vFFT) =t = A + 0AJ'F (1 —oFTAS'F)  FTAGL 2.13)
0 0 0 0
The inverse of I — UFT&; 'F remains to be found. Let

L 0 Ml [0 A 0 A
A_dlag([Al OHAQ O]L OD

where £i\q, £i)s ,..., 1i)s are non-vanishing finite eigenvalues of the problem
(Ag — AD) vec(Y) = 0.

Since IFT&(] IF is skew-symmetric, then there exists an orthogonal matrix Us of
order 2(r — 1)m such that

UTF A 'FUs = [© 9, (2.14)
0 T
where I' = A1
Using (2.11), (2.13), (2.14) and (2.6) it follows
vee(X) = —UGT {Al A } GUT vec(I), (2.15)
2
where
(D;DT)~! L I 0 ~_
A = _Tl’ Ay = Ay +vA;'FUS (I — o)1 UIFTAG".

Since T is block diagonal we have

1 A2 —uA 1 A2 —w)
o -1 _ 3; 1 1 s s
(I vF) dlag ()\% T 02 |:’U)\1 )\% :| yeeeny )\g T 02 |:’UA5 )\g :| ) .

(2.17)
Using (2.16) and (2.15) it follows
V_1 N A (AW, — vZy)
_ . _ Al A Wi — Vhi) I 2.1
vec(X) ( — = Vo -0V + v; o vec(I), (2.18)



where matrices V_1, Vo, V1, W; and Z; are constructed using (2.10), (2.16) and
(2.15).

By ”reshaping” vectors in (2.18) back into m X m matrices we obtain the
solution of equation (2.1)

v,
v

(\®; — vYy)

X =
A%—&—vQ

— Wy — vl —|—vz (2.19)

If one is interested in deriving an optimal damping, then according to (1.11)
one has to minimize the function f(v) = tr(ZX(v)), where

tr(ZX(v)) = vee(Z) vec(X) = —vec(Z)T (Ag — vDDL) ~ vec(T) .

This gives
X1 (MX; —vY;)
TT(ZX) » X() — UXl + UZ W 5 (220)
where
X 1 =vec(Z)'V_;vec(I),
Xy = vec(Z)TVqvec(I), (2.21)
X1 = vee(Z)TV_y vec(I)
and
X; = vec(Z)TW;vec(I), Y; = vec(Z)TZ; vec(T). (2.22)

Note that the function T'r(ZX) from (2.20) is a generalization of the function
Tr(X) defined in (1.14).

REMARK 2.1 In the case when Z is a diagonal matriz, the function Tr(ZX)
from (2.20) has the following simpler form:

X4 s N2 X;
Tr(ZX) = — —vX t
r(ZX) » vXy +wv Z :
Finally we derive an explicit formula for the matrix W_;. Let Uy be that
part of U corresponding to the null-space of Ag. From (2.18) it follows that
vec(W_1) = V_; vec(I) = —Up(DDT) 7'UE vec(I) . (2.23)

It is easily seen that i-th column of the matrix Uy can be written as vec(O;),
where O; is a block-diagonal matrix and

021',1 = dlag(O, N ,0,0ii,O, ‘e ,0)
Ogi = dlag(O, . ,0,0ii,O,. .. ,0)



where O;; and 6“ are ”orthogonal” solutions of
—Q,0;; + 04, =0 i,j=1,...,n,

that is

1 N
O = \65 1|, and Oy =

1
0 El
1 T
V2 V2

Let (A, B) = Tr(ATB) be the usual Frobenius scalar product. Then, we can

write the (p, q)-th element of UIDrDLU, as

(U‘J){’p)DFDg(UO)(:,q) = <qu O, + 0O, Dy, Oq> p,g=1,....m,

where D,,; = (Dpq) and

0 0
Dpq = {O D(p,:)Da:)] )

The orthonormality property
<Op7 Oq> = 6pq >
implies
1 .
(U§DpDFUy) = diag(1/(D)22,1/(D)2a, .-, 1/(D)mm, 1/ (D)) -

Using the fact that UgUZ vec(I) = vec(I), from (2.23) it follows that

1 1 1 1
v_; =di —_— e, =, =— ] . 2.24
! 18 <D227D22’ 7Dmm7Dmm> ( )

After applying a perfect shuffle permutation we have

Da O]

v_, = { 0 Dj (2.25)

where
Da = (diag (D))™*.

The explicitness of the obtained formulas is attractive for possible numerical
computation. Our first attempts to perform this task did not succeed due to
unexpected complexity problems. We will come back to this issue in our future
research.
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