
Department of Mathematics

J. J. Strossmayer University of Osijek

Department of Mathematics

J. J. Strossmayer University of Osijek

Series:  Technical Reports

Dimension Reduction for

Damping Optimization in

LinearVibrating Systems

Peter Benner,

ZoranTomljanović,

NinoslavTruhar



Dimension Reduction for Damping Optimization in
Linear Vibrating Systems

Peter Benner ∗ Zoran Tomljanović † Ninoslav Truhar ‡

Abstract

We consider a mathematical model of a linear vibrational system described
by the second-order differential equation Mẍ + Dẋ + Kx = 0, where M and
K are positive definite matrices, called mass and stiffness, respectively. We
consider the case where the damping matrix D is positive semidefinite. The
main problem considered in the paper is the construction of an efficient algo-
rithm for calculating an optimal damping. As optimization criterion we use
the minimization of the average total energy of the system which is equiv-
alent to the minimization of the trace of the solution of the corresponding
Lyapunov equation AX + XAT = −I, where A is the matrix obtained from
linearizing the second-order differential equation. Finding the optimal D such
that the trace of X is minimal is a very demanding problem, caused by the
large number of trace calculations, which are required for bigger matrix di-
mensions. We propose a dimension reduction to accelerate the optimization
process. We will present an approximation of the solution of the structured
Lyapunov equation and a corresponding error bound for the approximation.
Our algorithm for efficient approximation of the optimal damping is based
on this approximation. Numerical results illustrate the effectiveness of our
approach.
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1 Introduction

We consider a mathematical model of a linear vibrational system:

Mẍ + Dẋ + Kx = 0, (1)

where D = Cu+Cext is the damping matrix, Cu represents the internal damping, and
Cext = vC0 is a semidefinite matrix which describes external damping with viscosity
v. The matrices M,D and K (called mass, damping and stiffness, respectively) are
real, symmetric matrices of order n with M and K positive definite. The internal
damping Cu is usually taken to be a small multiple of the critical damping that is,

Cu = αCcrit, Ccrit = M1/2
√

M−1/2KM−1/2M1/2, α = 2–10%. (2)

Equation (1) can be transformed to the phase space which yields a system of first
order differential equations. For that purpose let Φ be a matrix that simultaneously
diagonalizes M and K, i.e.,

ΦT KΦ = Ω2 = diag(ω2
1, . . . , ω

2
n) and ΦT MΦ = I. (3)

We can write the differential equation (1) in phase space as

d

dt

[
y1

y2

]
=

[
0 Ω
−Ω −ΦT DΦ

] [
y1

y2

]
(4)

or ẏ = Ay,

where

A =

[
0 Ω
−Ω −ΦT DΦ

]
, y =

[
y1

y2

]
, (5)

for more details see [8, 16, 20, 21].
Now, we have the first order differential equation

ẏ = Ay,

with the solution

y = eAty0, where y0 containes the initial data.

For (M, D, K) from our problem it can be shown that the eigenvalues of A are
in the left half of the complex plane, see, e.g., [18, 22], that is, A is (asymptotically)
stable or Hurwitz.

For given masses and stiffnesses we want to determine the ”best” damping ma-
trix D which insures optimal evanescence of each component of y. Such problems
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require a certain optimization criterion. One criterion is the so-called spectral ab-
scissa criterion, which requires that the maximal real part of the eigenvalues of the
corresponding quadratic eigenvalue problem is minimized. The spectral abscissa is
defined by µ(A) := max

k
Re λk, where λk are the complex eigenvalues of the corre-

sponding quadratic matrix polynomial, i.e., they satisfy

(λ2M + λD + K)x = 0. (6)

Then the spectral abscissa criterion is equivalent to minimization of µ(A).
Here, we will use another criterion which is based on the minimization of the

total energy of the system:

∫ ∞

0

E(t)dt → min . (7)

Criterion (7) depends on the initial data. In order to overcome this problem, we
take the average over all initial states of the unit total energy and a given frequency
range. It can be shown [16] that with this averaging our criterion is equivalent to

trace X → min, (8)

where X is the solution of the Lyapunov equation

AX + XAT = −Z (9)

and A is as in (5). In this paper we will consider the case when Z = I which corre-
sponds to the case when all eigenfrequencies of the undamped system are damped.
The structure of Z has been studied in [16]. The problem of partial damping will
be considered in a forthcoming paper.

Damping optimization using criterion (8) requires solving the Lyapunov equation
(9) numerous times. For example, in Section 6 we will show that the determination
of the optimal damping for an oscillator with 1500 masses and two dampers of the
same viscosity requires solving more than 16 million Lyapunov equations with coef-
ficient matrices of dimension 3000×3000. Solving such a large number of Lyapunov
equations is very expensive. Thus our main problem will be the construction of an
efficient solver for the Lyapunov equation (9). Our method is based on a dimension
reduction.

There are several methods for dimension reduction of second-order systems. This
problem is attacked using balanced truncation in [7, 10, 15]. Dimension reduction
using Krylov methods is proposed in [3, 14]. Several methods for dimension reduc-
tion are also given in [1, 2, 6]. Unfortunately, for efficiency, these methods all require
the right-hand side Z of (8) to be of low rank and are thus not applicable in the
case considered here.
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In our approach (using the structure of the system (1)), we construct the trun-
cation matrix Qr, with the column rank equal to r, such that system (1) can be
approximated by two systems. One system will have a dense damping matrix of
dimension r, this system is

Mrÿ + Drẏ + Kry = 0, (10)

where Mr = QT
r MQr, Dr = QT

r DQr, Kr = QT
r KQr; Qr is an n × r matrix. The

second one is obtained with the complimentary1 truncation matrix Qn−r, and the
resulting system in the linearized form will have a block diagonal matrix of order
2(n−r). For this case we do not need to form the solution explicitly since in this case
the trace of the solution of the corresponding Lyapunov equation can be expressed
by an analytic formula.

The paper is organized as follows. The basic idea of dimension reduction is
explained in Section 2. Generally, our approximation strategy for the solution of
the Lyapunov equation is presented in Section 3. The corresponding error bound
is given in Section 4. In Section 5 we present a method for the calculation of the
optimal viscosity, this method uses results obtained in Sections 3 and 4. A numerical
example is presented in Section 6.

Throughout the paper we will use the following notation. The symbol ‖·‖ stands
for the standard 2-norm (Euclidian/spectral norm), ‖ · ‖F denotes the Frobenius
norm, and sep(A,B) represents the separation of the matrices A and B. If p and q are
vectors, then the notation A(p, q), as used in MATLAB R©, denotes the submatrix
of A obtained by intersection of rows determined by the elements of p and columns
determined by the elements of the vector q. Another MATLAB notation is also
used: i : j denotes the vector of integers from i to j.

2 Solving Lyapunov equations using dimension

reduction: basic idea

For this approach we need the assumption that the system has an internal damping
Cu, such that M, Cu, K can be simultaneously diagonalized. It is easy to show that
Cu from (2) satisfies ΦT CuΦ = αΩ.

Furthermore, for Cext = 0, the quadratic eigenvalue problem

(λ2M + λCu + K)x = 0 (11)

corresponds to equation (1). Let Φ and Ω be matrices such that

ΦT KΦ = Ω2 = diag(ω2
1, . . . , ω

2
n), ΦT MΦ = I and ΦT CuΦ = αΩ, (12)

1Complementary is meant in the sense that the columns of Qn−r are orthogonal to those of Qr

with respect to the inner product induced by M .
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where ω1 ≥ ω2 ≥ . . . ≥ ωn are the eigenvalues of the undamped system (λ2M +
K)x = 0 and the columns of Φ are eigenvectors of (11).

Before we show how we will construct the truncation matrix Qr we will discuss
the structure of the considered Lyapunov equation (9). After the perfect shuffle
permutation P we obtain the following Lyapunov equation

AP XP + XP AT
P = −I , (13)

where

AP = A0 + P T

[
0 0
0 C

]
P, C = ΦT CextΦ, (14)

A0 = Â1 ⊕ Â2 ⊕ · · · ⊕ Ân, Âi =

[
0 ωi

−ωi −αωi

]
. (15)

Our approach in based on the simple fact that if Cext = 0, then the solution of
the Lyapunov equation is simply given by

XP = X̂1 ⊕ X̂2 ⊕ · · · ⊕ X̂n,

where

X̂i =
1

ωi

[
2+α2

2 α
−1

2

−1
2

1
α

]
, (16)

and the trace of the solution XP is equal to the trace of X since P is a permutation
matrix. This yields

trace X = trace XP = (
2

α
+

α

2
)

n∑
i=1

1

ωi

. (17)

Furthermore, if Cext 6= 0, then the matrix AP in the Lyapunov equation (13) has
the following form:

AP =




0 ω1 0 0 0 0 · · · 0 0
−ω1 −αω1 − c11 0 −c12 0 −c13 · · · 0 −c1n

0 0 0 ω2 0 0 · · · 0 0
0 −c12 −ω2 −αω2 − c22 0 −c23 · · · 0 −c2n

0 0 0 0 0 ω3 · · · 0 0
0 −c13 0 −c23 −ω3 −αω3 − c33 · · · 0 −c3n

...
...

...
...

...
...

. . .
...

...
0 0 0 0 0 0 · · · 0 ωn

0 −c1n 0 −c2n 0 −c3n · · · −ωn −αωn − cnn




,

where cij = (C)ij (note that C is a symmetric matrix).
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We will illustrate our main idea using the following example. If some part of the
matrix C has small norm, for example if ‖C(:, r + 1 : n)‖ (the last n − r columns)
is small, then we approximate AP by

ÃP =

[
Ã11 0

0 Ã22

]
, (18)

where

Ã11 = AP (1 : 2r, 1 : 2r) and Ã22 = Âr+1 ⊕ · · · ⊕ Ân, (19)

and Âi is defined in (15).
Now, the solution of the Lyapunov equation (13) can be approximated by the

solution of the Lyapunov equation

ÃP X̃P + X̃P ÃT
P = −I , (20)

where ÃP is given by (18), (19) and X̃P = Xr ⊕ X̃22. The block-diagonal part Xr is
the solution of the Lyapunov equation

Ã11Xr + XrÃ
T
11 = −I, (21)

which corresponds to the Lyapunov equation obtained from the system (10) using

Qr = Φ( : , 1 : r). Since, X̃22 = X̂r+1⊕· · ·⊕ X̂n where X̂i is from (16) it follows that
the solution of (9) has the form

X̃P =

[
Xr 0

0 X̃22

]
.

Note that X̃22 is the solution which corresponds to the Lyapunov equation obtained
from the system (10) using Qn−r = Φ( : , r + 1 : n) and setting Cext = 0.

Now, using formula (17), the trace of the solution (9) can be approximated by

trace X ≈ trace Xr + (
2

α
+

α

2
)

n∑
i=r+1

1

ωi

.

The question is: when can we expect that the norm of some part of the matrix
C = ΦT CextΦ will be small?

Note that the elements of the matrix Φ are closely related to displacements of
the corresponding modes, particularly the ith mode of the system is determined by
the ith column of Φ. Mass displacements are sinusoidal with the same frequency
and the extreme value of displacement for the ith mode at the kth mass is equal to
Φki (for more details see [12]).
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Figure 1: displacements for the ith mode are shown at their extreme values

As illustrative example consider the mechanical system shown in Figure 1, with
one damper at position k with viscosity v. This means that C = vΦT eke

T
k Φ and

cij = vφkiφkj where φij = (Φ)ij. From Figure 1 it can be seen that if some masses
are larger then the others, the corresponding displacements will be smaller. That
justifies our assumption that some entries of the matrix C will be small, indeed since
cij = vφkiφkj for small φki and φkj, cij will be small, too.

Based on the presented ideas, we will show in the next section how one can find
an approximate solution of the Lyapunov equation (9) in general.

3 An algorithm for the approximate solution of

the Lyapunov equation (9)

We will present how we to calculate the approximation of the solution in the general
case. Let the viscosity and damper positions be given, and set C = ΦT CextΦ.
Furthermore, let p ∈ Rn−r be a vector of indices for which n− r is the maximal (r
is minimal) dimension such that ‖C(p, :)‖F is less or equal than some tolerance tol.

The vector p ∈ Rr is chosen such that p ∪ p = {1, 2, . . . , n}. Then we define the
vector w ∈ Rn with w(i) = p(i) for i = 1, . . . , r and w(i) = p(i−r) for i = r+1, . . . , n.

Now, we solve the Lyapunov equation

P̂ T AP P̂ X̂P + X̂P P̂ T AT
P P̂ = −I , (22)

instead of the Lyapunov equation (13). In (22), the matrix P̂ is an additional

permutation matrix such that the matrix P̂ T AP P̂ has the following structure:

ÂP = P̂T AP P̂ =




0 ωw(1) · · · 0 0
−ωw(1) −αωw(1) − cw(1)w(1) · · · 0 −cw(1)w(n)

...
...

. . .
...

...
0 0 · · · 0 ωw(n)

0 −cw(1)w(n) · · · −ωw(n) −αωw(n) − cw(n)w(n)




. (23)

Since P̂ is a permutation matrix, it holds that trace X̂P = trace X, where X is the
solution of (9).
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Now, the solution of the corresponding Lyapunov equation is approximated in
the same way as in the previous section. That is, an approximation of the solution
of the Lyapunov equation (9) can be obtained from the following Lyapunov equation

ÃP X̂P + X̂P ÃT
P = −I , (24)

where

ÃP =

[
Ã11 0

0 Ã22

]
with

Ã11 = ÂP (1 : 2r, 1 : 2r),

Ã22 = Âp(1) ⊕ · · · ⊕ Âp(n−r),
(25)

and Âi is defined in (15) while ÂP is given in (23).

Let X̃r be the solution of the Lyapunov equation

Ã11X̃r + X̃rÃ
T
11 = −I, (26)

then the approximation of the solution of the Lyapunov equation is given by

X̃P =

[
Xr 0

0 X̃22

]
,

with X̃22 = X̂p(r+1) ⊕ · · · ⊕ X̂p(n) and the matrices X̂i from (16).
As we are interested in the trace, now the trace of the solution (24) can be

calculated using

trace X ≈ trace X̃r +
( 2

α
+

α

2

) n−r∑
i=1

1

ωp(i)

, (27)

where X̃r is solution of the Lyapunov equation (26).
Equation (26) corresponds to the Lyapunov equation which is obtained from

the reduced system (10) using the truncation matrix Qr = Φ( : , p). Now X̃22 is the
solution which corresponds to the Lyapunov equation obtained from the system (10)
using Qn−r = Φ( : , p) and setting Cext = 0.

As it can be seen from (27), the approximation of trace X is obtained by summing
the trace of the solution of the Lyapunov equation (26) obtained from the reduced

system and the trace of the solution of the Lyapunov equation Ã22X̃22 + X̃22Ã
T
22 =

−I. ¿From the computational point of view, the most expensive part is solving the
Lyapunov equation (26). Summarizing, we have reduced the problem of solving a
2n×2n Lyapunov equation to solving a Lyapunov equation of dimension 2r×2r. In
this sense we will call the parameter r the reduced dimension. The resulting method
is summarized in Algorithm 1.

Note that in the optimization process we only need trace X instead of the solution
X. Thus for optimization, instead of Step 5. of Algorithm 1 we will use the formula
trace X = trace Xr + ( 2

α
+ α

2
)
∑n−r

i=1
1

ωp(i)
.

In the following section we will derive an error bound for the approximation of
the solution of the Lyapunov equation (9) obtained by the previous algorithm.
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Algorithm 1 (Approximation solution of the Lyapunov equation (9))

Input: α, tol, Φ such that ΦT KΦ = Ω2 = diag(ω2
1, . . . , ω

2
n) and ΦT MΦ = I,

C (C contains information about the dampers’ positions and viscosities).
Output: X(C)
1: Determine minimal r and vector p ∈ Rn−r such that ‖C(p, :)‖F < tol, i =

1, . . . , n− r.
2: Determine vector p ∈ Rr such that p ∪ p = {1, 2, . . . , n}.
3: Ωr = diag(ωp(1), ωp(2), . . . , ωp(r)), Cr = C(p, p).
4: Calculate Xr, where

ArXr + XrA
T
r = −I, Ar =

[
0 Ωr

−Ωr −αΩr − Cr

]
.

5: X̃P = Xr ⊕ X̂p(r+1) ⊕ · · · ⊕ X̂p(n), where X̂i is given in (16).

6: X(C) = PP̂ X̃P P̂ T P T , where the matrix P is the perfect shuffle permutation

and the permutation matrix P̂ is introduced in (22).

4 Error bound

Consider the Lyapunov equation (22) in the partitioned form

[
A11 εE
εET A22

] [
X11 X12

XT
12 X22

]
+

[
X11 X12

XT
12 X22

] [
AT

11 εE
εET AT

22

]
= −I,

where A =

[
A11 εE
εET A22

]
, X =

[
X11 X12

XT
12 X22

]
, ε = ‖A12‖F and E = 1

‖A12‖F
· A12.

By equalizing the corresponding blocks we obtain

A11X11 + X11A
T
11 = −I − ε(EXT

12 + X12E), (28)

A22X22 + X22A
T
22 = −I − ε(ET X12 + XT

12E
T ), (29)

A11X12 + X12A
T
22 = −ε(EX22 + X11E

T ). (30)

Since Equations (28) – (30) can be considered as perturbed Sylvester equations,
we will need a perturbation bound for Sylvester equations of the form AX−XB = C.
For our purpose we will use one from [13]: let

(A + ∆A)(X + ∆X)− (X + ∆X)(B + ∆B) = C + ∆C

be the perturbed equation, then the following bound holds

‖∆X‖F ≤
√

3‖P−1‖((α + β)‖X‖F + γ
)
η, (31)
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where P = I ⊗ A − BT ⊗ I and η = max

{
‖∆A‖F

α ,
‖∆B‖F

β
,
‖∆C‖F

γ

}
, while α, β

and γ are scaling factors as in [13]. Usually one uses α = ‖A‖F , β = ‖B‖F , and
γ = ‖C‖F , but some other constants for α, β and γ can be used as well.

Note that
‖P−1‖ = sep(A,B)−1, (32)

where sep(A,B) is the separation of the matrices A and B defined as

sep(A,B) = min
X 6=0

‖AX −XB‖F

‖X‖F

.

First we will derive the bound for the solution X12 of the Sylvester equation (30).

In our case we have A22 = Ã22 + ∆A22 with Ã22 and Ã11 given in (25) and

∆A22 = ÂP (2r + 1 : n, 2r + 1 : n)− Ã22,

where ÂP is defined as in (23). Note that there is no perturbation in the matrix A11,
thus ∆A11 = 0. Since ε is small, Equation (30) is a perturbation of the equation

A11X̃12 + X̃12Ã
T
22 = 0,

with solution X̃12 = 0. Using the bound (31) one can obtain a bound for X12 =

X̃12 + ∆X12 with η1 = max
{
‖∆A22‖F

‖ eA22‖F
, ‖ε(EX22+X11ET )‖F

γ

}
, where γ is an arbitrary

small constant (since the right hand side of Equation (30) is zero): it holds

‖X12‖F = ‖∆X12‖F ≤
√

3‖P−1
1 ‖η1γ,

where P1 = I ⊗ A11 + Ã22 ⊗ I. Since ‖E‖F = 1, using the triangle inequality we
have

η1 ≤ max

{
‖∆A22‖F

‖Ã22‖F

, ε
‖X22‖F + ‖X11‖F

γ

}
.

Setting γ small enough yields

η1 ≤ ε
‖X22‖F + ‖X11‖F

γ
,

thus we obtain

‖X12‖F = ‖X̃12 + ∆X12‖F = ‖∆X12‖F ≤
√

3‖P−1
1 ‖‖(‖X22‖F + ‖X11‖F )ε. (33)

Furthermore, we will derive the relative perturbation bound for the Lyapunov
equation (28). Note that (28) can be considered as perturbation of the Lyapunov
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equation A11X̃11 + X̃11A
T
11 = −I with X11 = X̃11 + ∆X11. Since there is no per-

turbation in A11, in (31) we set α = β = 0 and γ = ‖I‖F =
√

n. Then (31)
yields

‖∆X11‖F ≤
√

3‖P−1
2 ‖‖ε(EXT

12 + X12E)‖F

≤ 2
√

3‖P−1
2 ‖‖X12‖F ε, (34)

where P2 = I ⊗ A11 + A11 ⊗ I.
Now, from (32), (33) and (34) it follows

‖∆X11‖F

‖X11‖F + ‖X22‖F

≤ 6
1

sep(A11,−ÃT
22)

1

sep(A11,−AT
11)

ε2. (35)

Similarly, one can obtain the relative perturbation bound for the Lyapunov equa-
tion (29). Let (29) be the perturbed equation related to Ã22X̃22 + X̃22Ã

T
22 = −I,

where X22 = X̃22 + ∆X22. Here α = β = ‖Ã22‖F and γ =
√

n, thus from (31) it
follows

‖∆X22‖F ≤ √
3‖P−1

3 ‖(2‖Ã22‖F‖X̃22‖F +
√

n
)
η2, (36)

where P3 = I ⊗ Ã22 + Ã22 ⊗ I. Since ‖E‖F = 1, using the triangle inequality we
have

η2 ≤ max

{
‖∆A22‖F

‖Ã22‖F

, ε
‖2X12‖F√

n

}
. (37)

¿From (33) it follows that ‖X12‖F is bounded by an O(ε) term, thus for small ε

max

{
‖∆A22‖F

‖Ã22‖F

, ε
‖2X12‖F√

n

}
=
‖∆A22‖F

‖Ã22‖F

.

Now, (36) can be written in the form

‖∆X22‖F ≤ √
3‖P−1

3 ‖(2‖X̃22‖F +
√

n

‖ eA22‖F

)‖∆A22‖F .

In order to express the previous bound in relative form, divide the above equation
by ‖X̃22‖F and express ‖P−1

3 ‖ in terms of sep, then we have

‖∆X22‖F

‖X̃22‖F

≤
√

3

sep( eA22,− eAT
22)

(
2 +

√
n

‖ eA22‖F ‖ eX22‖F

)
‖∆A22‖F . (38)

Note that ‖X̃22‖F and ‖Ã22‖F are easy to calculate since X̃22 and Ã22 are block
diagonal matrices with 2 × 2 blocks on their diagonals which can be expressed by
analytic formulas.

In summary, we obtain an error bound for the solution of the Lyapunov equation
(22) computed by Algorithm 1. As we are interested in the trace, we only provide
the bounds for the diagonal blocks of the solution.
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Theorem 4.1. With A11 = Ar, where Ar is given in Algorithm 1, Ã22 = Âp(1) ⊕
· · · ⊕ Âp(n−r), ∆A22 = C(p, p), and Xii (i = 1, 2) being the exact solutions of (28),

(29), X̃ii their approximations computed by Algorithm 1, the error matrices ∆Xii =

Xii − X̃ii satisfy

‖∆X11‖F

‖X11‖F + ‖X22‖F

≤ 6
1

sep(A11,−ÃT
22)

1

sep(A11,−AT
11)

ε2, (39)

‖∆X22‖F

‖X̃22‖F

≤
√

3

sep(Ã22,−ÃT
22)

(
2 +

√
n

‖Ã22‖F‖X̃22‖F

)‖∆A22‖F , (40)

where ε = ‖C(p, p)‖F and the vectors p and p are calculated in Steps 1. and 2. of
Algorithm 1, respectively.

The right-hand sides in (39) and (40) thus also provide the desired, though con-
servative, bounds for the traces computed using the approximate Lyapunov solution
rather than the exact ones. These bounds do not account for numerical errors made
due to roundoff during the actual computations in finite-precision arithmetic, but
if the analytical formula (16) is used for the X̂i, Xr is computed by a numerically
stable algorithm like the Bartels-Stewart method [4], and ε is significantly larger
than machine precision (which will usually be the case in applications), than the
bounds (39) and (40) will dominate the numerical errors by far.

We also note that ‖X̃22‖F = 1
2

√
(6 + 8

α2 + α2)
∑n−r

k=1 ω−2
p(k).

To make the bounds (35) and (38) operable we must estimate sep(·, ·). This
can be done for example using algorithms from [9, 11]. In [9], for the estimation of
sep(A,B), one must solve a Sylvester equation with coefficient matrices A and B.
For solving this Sylvester equation with standard solvers (for example, the Bartels-
Stewart algorithm [4]), the main costs are the calculation of the Schur decompo-

sitions. In our case, we need Schur decompositions of the matrices A11 and Ã22,
and these have already been obtained since in the calculation of the approximation
of the solution we have already solved Lyapunov equations with the matrices A11

and Ã22. The availability of Schur decompositions cannot be utilized using the Lya-
punov solvers in the MATLAB Control System ToolboxTM, but this is possible, e.g.
in SLICOT (Subroutine Library In COntrol Theory2) [17] and the SLICOT Basic
Systems and Control Toolbox for MATLAB [5]. Employing the Schur decomposition
usually accelerates the Lyapunov solve by a factor of 5 or more. Furthermore, the
block diagonal structure of Ã22 can be used, too, in the estimation of the separation.
Thus, separation estimation can be done efficiently.

In the following section we will propose an algorithm which uses these error
bounds in the determination of the optimal viscosity for given dampers’ positions.

2See http://www.slicot.org.
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5 Calculating the optimal viscosity

The algorithm for viscosity optimization calculates the trace approximation using
Algorithm 1. The main idea is to determine the reduced dimension efficiently for a
given accuracy. For that purpose we will use the new error bounds (39) and (40).

During the optimization process we do not check the error bounds, except when
we determine a suboptimal viscosity. Then we calculate the error bounds (39) and
(40), and if the errors are small enough, we stop the optimization process (then
our suboptimal viscosity is close to optimal) or if errors are too large we repeat
the optimization process with a smaller tolerance, that is, with a larger reduced
dimension r. All this is included in Algorithm 2.

Algorithm 2 (Computation of the optimal viscosity at given damper positions)

Input: α, κ ≥ 1, machine precision u, positions d1, d2, . . . , dk of the dampers;
Φ such that ΦT KΦ = Ω2 = diag(ω2

1, . . . , ω
2
n) and ΦT MΦ = I;

the tolerances ε1, ε2 for the relative error bounds (39) and (40), resp.;
the starting tolerance tolstart for Algorithm 1;
a constant c1 for scaling a tolerance (c1 < 1).

Output: Optimal viscosities v̂1, . . . , v̂k.
1: tol = tolstart

2: while tol > κ · u do
3: Find suboptimal viscosities with an optimization algorithm (e.g., Nelder-Mead

as in the MATLAB function fminsearch), in the optimization process calcu-
late the trace X(v1, . . . , vk) using Algorithm 1 with tolerance tol, and denote
them with v̂1, . . . , v̂k.

4: Calculate the right-hand sides of the bounds (39) and (40) for the suboptimal
viscosities v̂1, . . . , v̂k, and denote them by b1 and b2, resp.

5: if b1 < ε1 and b2 < ε2 then
6: return optimal viscosities v̂1, . . . , v̂k

7: break
8: else
9: tol = c1 · tol

10: end if
11: end while

Note that in Step 3., each time we start the optimization process for determining
optimal viscosities, and in order to accelerate the optimization process our algorithm
should use the information of suboptimal viscosities obtained in the previous step.
For example, if we optimize with the Nelder-Mead method in Step 3., then in the op-
timization process the starting values are the suboptimal viscosities obtained in the
previous step, except for the first time when we take some fixed starting viscosities.
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6 Numerical experiments

In this section we will compare the application of the new algorithm for viscosity
optimization using dimension reduction with the same optimization method without
dimension reduction, based on the Bartels-Stewart Lyapunov solver. For that pur-
pose we will consider the mechanical system shown in Figure 2 with two dampers of
the same viscosity and 3d + 1 masses, consisting of three rows of masses with d + 1
springs. Each row has springs of the same stiffness equal to k1, k2, k3, respectively.
On the left-hand side, rows of the springs are connected to the fixed base, and on
the right-hand side they are connected to the last mass (m3d+1), which is connected
to the fixed base with the spring with stiffness k4.

4

3d+1

1 1 d

d+1 2d

2d+1 3d

2

3 33 3

2 2 2

1 1 1

Figure 2: 3d + 1 mass oscillator

The mathematical model for the considered vibrational system is given by Equation
(1) where the mass matrix is

M = diag(m1,m2, . . . , mn).

The stiffness matrix is defined as

K =




K11 −κ1

K22 −κ2

K33 −κ3

−κT
1 −κT

2 −κT
3 k1 + k2 + k3 + k4


 ,

where

Kii = ki




2 −1
−1 2 −1

. . . . . . . . .

−1 2 −1
−1 2




, κi =




0
...
0
ki


 , i = 1, 2, 3.
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In our example we will consider the following configuration

d = 500, n = 3d + 1 = 1501,

mk = k, k = 1, . . . , n,

k1 = 1, k2 = 50, k3 = 100, k4 = 200.

Our example has two dampers with the same viscosity v. Thus the damping matrix
is equal to

D = Cu+Cext, where Cu = 0.01·M1/2
√

M−1/2KM−1/2M1/2, Cext = veie
T
i +veje

T
j .

Note that damping optimization for the considered mechanical system with 2
dampers of the same viscosity leads to the problem of discrete optimization of
n(n− 1)/2 different positions (here we use symmetry). For each position one must
calculate the optimal viscosity and for this we usually need to solve Lyapunov equa-
tions of dimension 2n×2n more than 15 times. This means that for our configuration
for damping optimization we need to solve more than 16 million Lyapunov equations
with matrices of dimension 3, 002. On the other hand, the new algorithm for calcu-
lation of the optimal viscosity at given dampers’ positions reduces the dimension of
the Lyapunov equation at each dampers’ position and accelerates the optimization
process.

Since the considered optimization process is extremely demanding, instead of
performing complete optimization (consisting of all dampers’ positions) we will relax
the problem. We will compare our algorithm with the standard algorithm without
dimension reduction on the equidistant mesh of dampers’ positions:

i = 1 : 70 : n, j = i + 5 : 70 : n,

where i is the position of the first damper and j is the position of the second damper,
which results in 253 different positions.

In this example, we have two dampers of the same viscosity. Thus in Step
3. of Algorithm 2, for the optimization process, we will use the MATLAB function
fminbnd with termination tolerances for the viscosity and for the function values
equal to 10−4.

Furthermore, in our application we have noticed that in Algorithm 2 if we set
ε1 = ε2 = 0.2, then the relative errors for the approximation is good enough (relative
errors are presented in Figure 3). The starting tolerance in Algorithm 2 is tolstart =
3 · 10−5, the constant for scaling the tolerances is c1 = 0.2, and we use κ = 104.

The optimization process with fminbnd begins in the interval [10−4, 103]. Once
we have obtained the suboptimal viscosity v̂opt (in Step 3. of Algorithm 2), we check
the error bounds in Step 5. of Algorithm 2. If the error bounds are small enough,
the optimization process will be terminated (the suboptimal viscosity is then close
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enough to the optimal one). On the other hand, if the errors are not small enough
we continue the process with the interval [v̂opt − v̂opt · p, v̂opt + v̂opt · p], where we set
p = 0.01.

Note that if fminbnd finds a suboptimal viscosity v̂opt at one of the interval
boundaries, we will expand the interval around v̂opt, that is we will restart the
optimization process in the interval [v̂opt − v̂opt · p, v̂opt + v̂opt · p].

In the following figures we have plotted data which corresponds to the 100 small-
est traces sorted by magnitude. The first result corresponds to the optimal position
(the position which corresponds to the smallest trace).

Figure 3 shows relative errors for the optimal viscosity and the optimal trace.
Relative errors for trace are calculated using | trace X − trace X̂|/ trace X, where
trace X is the optimal trace for the given position obtained with the algorithm
without dimension reduction, and trace X̂ is the approximation of the optimal trace
calculated with Algorithm 1. Similarly, relative errors for the optimal viscosity
are calculated by |v̂opt − vopt|/vopt, where v̂opt is the optimal viscosity obtained by
Algorithm 2 and vopt is the exact optimal viscosity obtained by optimization without
dimension reduction.

Both algorithms (with and without dimension reduction) obtain the same op-
timal damper position (i, j) = (211, 426). The optimal viscosity at this position
according to algorithm without dimension reduction is 32.75013 with corresponding
trace is 299, 0313.07995, while with Algorithm 2, we obtain 32.74978 for the viscosity
and 299, 0322.73886 for the trace.

Figure 3: Relative errors

In the optimization process with the function fminbnd, tolerances were equal to
10−4, thus relative errors in Figure 3 are in terms of tolerances for the optimization
process. For all these results the while loop in Algorithm 2 just needed two iterations
in order to satisfy inequalities in Step 5.
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Figure 4 shows the percentage of dimension reduction obtained when computing
the 100 smallest traces. Each point in Figure 4 corresponds to such a tolerance tol
in Algorithm 2 that the inequalities in Step 5. of Algorithm 2 are satisfied.

We can see that the reduced dimension varies from 27 % to 86 % of the starting
dimension. It is important to note that at the positions which have the smallest
traces, the reduced dimension is best. This is good because in calculating the optimal
dampers position with some heuristic, such as the one introduced in [19], we must
calculate the optimal viscosity in a large number of dampers’ positions which are
close to the optimal damper position.

Figure 4: Reduced dimension

In order to demonstrate how much the reduced dimension accelerates the op-
timization process, in Figure 5 we show the time ratio for calculating the optimal
viscosity at given dampers’ positions with Algorithm 2 and by the algorithm without
dimension reduction. These times were calculated using an Intel(R) Core(TM) i7
CPU 920 with 12GB of RAM and 8 MB cache. That is, near the optimal trace, the
new algorithm is about 15 times faster than the one without dimension reduction.
Though for many positions, the times are comparable or only a slight acceleration is
observed, there are numerous instances where a significant time savings is achieved,
so that altogether, a considerably shorter computation time for the whole optimiza-
tion process is achieved.
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Figure 5: Time ratio

7 Conclusions

When finding the optimal positions of dampers in a mechanical vibrating system
based on energy minimization, numerous Lyapunov equations have to be solved in
order to find the traces of their solutions as these represent the energy contained
in the system. In this paper, we have suggested a dimension reduction technique
that can significantly accelerate the computation of these traces. The idea is based
on exploiting the structure of the coefficient matrices of the resulting Lyapunov
equations and considering the terms introduced by the damping as perturbations.
Error bounds obtained from perturbation theory then guide us to those parts of
the matrix that can be neglected so that parts of the trace calculation can then be
obtained from analytical formulas and only a Lyapunov equation of much smaller size
needs to be solved. Numerical experiments confirm the ability of this approximation
technique to accelerate the optimization process significantly while ensuring that we
still find the optima. Further results on partial damping will be reported elsewhere.
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